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CONFORMAL AND CR MAPPINGS ON CARNOT GROUPS
MICHAEL G. COWLING, JI LI, ALESSANDRO OTTAZZI, AND QINGYAN WU
Abstract. We consider a class of stratified groups with a CR structure and
a control distance that is compatible with the CR structure. For these Lie
groups we show that the space of conformal maps coincide with the space of
CR and anti-CR diffeomorphisms. Furthermore, we prove that on products of
such groups, all CR and anti-CR maps are product maps, up to a permutation
isomorphism, and affine in each component.
1. Introduction
In this article, we consider the interplay between metric geometry and complex
geometry on some classes of product spaces. In particular, we will look at products
of manifolds endowed with a CR-structure and with a compatible length distance,
and we will study the equivalence between CR and conformal transformations.
This question was studied in several examples [9, 11, 12, 14, 19, 20]. This article
is the first outcome of a larger project aimed to investigate a unified theory of
conformal and CR structures.
Product spaces are important models that lie across harmonic analysis and CR-
geometry. Nagel and Stein [16] studied product singular integral operators on
spaces of the form
M˜ =M1 × · · · ×Mn.
If the factors Mi are Euclidean spaces, then a corresponding product theory was
developed in [8], but its roots go back, at least implicitly, to [10]. A generalization
to the case where the Mj are appropriate nilpotent groups was carried out in [15]
and [17]. The first three authors and Chen have introduced in [5] a theory of
product quasiconformal mapping where Mi are Euclidean spaces and studied the
connections between the little BMO spaces in the product setting.
Nagel and Stein consider the case where each Mj is the boundary of an un-
bounded model polynomial domain in C2, endowed with a control, or Carnot-
Carathe´odory, distance. Namely, let
Ωj = {(z, w) ∈ C
2 : Im(w) > Pj(z)},
where Pj is a real, subharmonic, non-harmonic polynomial of degree mj . Then
Mj = ∂Ω = {(z, w) ∈ C
2 : Im(w) = Pj(z)}
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can be identified with C×R = {(z, t) : z ∈ C, t ∈ R}. The basic (0, 1) Levi vector
field is Z¯ = ∂
∂z¯
− i
∂Pj
∂z¯
∂
∂t
, and we write Z¯j = X1,j + iX2,j. The real vector fields
{X1,j, X2,j} and their commutators of orders at most mj span the tangent space at
each point. They define a subbundle Hj of the tangent bundle TMj . Choosing a
Riemannian metric g on H for which {X1,j, X2,j} are an orthonormal frame yields
a control distance on Mj . The metric g, and every conformal modification of it, is
compatible with the complex structure J on Hj defined by J(X1,j) = X2,j, in the
sense that
g(JX, JY ) = g(X, Y ), ∀X, Y ∈ Hj.
A distinguished example occurs when every Mj is a Heisenberg group H
nj , in
which case Pj(z) = |z|
2, z ∈ Cnj . The interaction between CR, conformal, and
quasiconformal mappings of the Heisenberg groups have been the subject of study
in a number of fundamental articles, such as [12, 13]. (See also the generalisations
of these ideas to contact manifolds [2, 3].)
In this article we consider the more general case of products of CR-manifolds
M , where every M is a 2n+ k-dimensional submanifold of Cn+k of the form
M = {(z1, . . . , zn, w1, . . . , wk) ∈ C
n+k : Im(wi) = P
i(z1, . . . , zn), i = 1, . . . , k}.
In particular, we will focus on those CR-manifolds M that are stratified groups
and that admit a control metric compatible with the CR structure. For this class
of manifolds we will show that the space of conformal maps coincide with the
space of CR and anti-CR automorphisms (Theorem 4.3). The class of stratified
groups that we consider have a particular algebraic structure, which we call tight.
It turns out that the only stratified groups that are tight are either Heisenberg
groups or groups whose Lie algebras have two generators (Corollary 4.2). In par-
ticular, on product groups, all such maps will be proven to be product maps, up
to a permutation isomorphism, and affine in each component, i.e., the composition
of a translation with a group automorphism (Theorem 4.5). In order to achieve
this result we first show that differentiable quasiconformal mappings on product
stratified groups are product mappings, up to an automorphic permutation (The-
orem 3.1). The latter result is a small variation of [21, Theorem 1.1].
In Section 2, we establish the definitions and properties on Carnot groups and
conformal mappings that will be used throughout this paper. In Section 3, we
show that conformal mappings on products of Carnot groups are product affine
mappings. In Section 4, we introduce the CR-structures on stratified groups and
define a compatible metric when the groups are tight. In this section we prove
one of our main results, contained in Theorem 4.3, and we give the Cartan group
(2, 3, 5) as an example of Carnot group for which our theorem holds. Finally, in
Section 4.5, we prove our second main result Theorem 4.5, which is in fact a direct
consequence of Theorem 4.3 and Corollary 3.2.
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2. Preliminaries
2.1. Stratified Lie algebras. A Lie algebra g is said to be stratified of step ℓ if
g = g−1 ⊕ · · · ⊕ g−ℓ,
where [g−j , g−1] = g−j−1 when 1 ≤ j ≤ ℓ, while g−ℓ 6= {0} and g−ℓ−1 = {0}; this
implies that g is nilpotent. We assume that dim(g) is at least 3 to avoid degenerate
cases.
We write πj for the canonical projection of g onto g−j , Z(g) for the centre
of g, and Aut(g) for the group of automorphisms of g. In particular, for each
s ∈ R+, the dilation δs ∈ Aut(g) is defined to be
∑ℓ
j=1 s
jπj. For a linear map of
g, preserving all the subspaces g−j of the stratification is equivalent to commuting
with dilations and to having a block-diagonal matrix representation. We call
such maps “strata-preserving”. We write Autδ(g) for the subset of Aut(g) of
strata-preserving automorphisms; these are determined by their action on g−1. A
stratified Lie algebra g is said to be totally nonabelian if g−1 ∩ Z(g) = {0}.
Suppose that g−1 admits a vector space direct sum decomposition g−1 =
⊕K
k=1 v
k
such that [vk, vk
′
] = {0} if k 6= k′. Let gk be the subalgebra of g generated by
vk for all k ∈ {1, . . . , K}; then repeated use of the Jacobi identity shows that
[gk, gk
′
] = {0} if k 6= k′, so the gk are pairwise commuting ideals in g, and
g =
K⊕
k=1
gk;
we say that g admits a direct sum decomposition into ideals. Of course, if g admits
such a direct sum decomposition into ideals, then they must commute pairwise,
for if X ∈ gk and X ′ ∈ gk
′
, then [X,X ′] ∈ gk ∩ gk
′
= {0}.
When i, j ∈ {1, . . . , m}, we write i ∼ j if and only if there is a strata-preserving
isomorphism from gi to gj; then ∼ is an equivalence relation. For each equivalence
class [i], choose a stratified Lie algebra g[i] isomorphic to gi, and a strata-preserving
isomorphism Ij from g[i] to gj , whose inverse we write as I−j.
When σ lies in S∼m, the group of permutations of {1, . . . , m} that preserve the
equivalence classes of ∼, define Iσ ∈ Autδ(g) by first setting
Iσ(X) = Iσ(j)I−j(X)
for all X ∈ gj and all j ∈ {1, . . . , m}, and then extending this definition to g by
linearity. It is well known and easy to check that the map σ 7→ Iσ embeds S∼m in
Autδ(g). We denote the image by Perm(g).
2.2. Stratified Lie groups. Let G be a stratified Lie group of step ℓ. This means
that G is connected and simply connected, and its Lie algebra g is stratified with ℓ
layers. The identity of G is written e, and we view the Lie algebra g as the tangent
space at the identity.
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Since G is nilpotent, connected and simply connected, the exponential map exp
is a bijection from g to G, with inverse log. We also write δs for the automorphism
of G given by exp ◦ δs ◦ log. The differential T 7→ (T∗)e is a one-to-one correspon-
dence between automorphisms of G and of g, and T = exp ◦ T∗e ◦ log. We denote
by Aut(G) the group of automorphisms of G, and by Autδ(G) the subgroup of
automorphisms that commute with dilations.
A stratified connected simply connected Lie group G is called totally nonabelian
or a direct product if its Lie algebra is totally nonabelian or a Lie algebra direct
sum, respectively.
2.3. The Pansu differential. We denote by Lp the left translation by p in G,
that is, Lpq = pq for all q ∈ G. The subbundle HG of the tangent bundle TG,
where Hp = (Lp)∗(g−1), is called the horizontal distribution.
Throughout, we write Ω for an arbitrary nonempty connected open subset of G.
The differential of a differentiable map f : Ω → G is written f∗. We recall that a
continuous map f : Ω→ G is Pansu differentiable at p ∈ Ω if the limit
lim
s→0+
δ−1s ◦ L
−1
f(p) ◦ f ◦ Lp ◦ δs(q)
exists, uniformly for q in compact subsets of G; if it exists, then it is a strata-
preserving homomorphism of G, written Dfp(q). If f is Pansu differentiable at p,
then log ◦Dfp ◦ exp is a Lie algebra homomorphism, written dfp, and
dfp(X) = lim
s→0+
log ◦ δ−1s ◦ L
−1
f(p) ◦ f ◦ Lp ◦ δt ◦ exp(X)
exists, uniformly for X in compact subsets of g. We call Dfp the Pansu derivative
and dfp the Pansu differential of f at p. By construction, both Dfp and dfp
commute with dilations, and so in particular, dfp is a strata-preserving Lie algebra
homomorphism.
Note that if T is a strata-preserving automorphism of G, then its Pansu de-
rivative DT (p) coincides with T at every point, and its Pansu differential dT (p)
coincides with the Lie differential log ◦ T ◦ exp at every point. Thus our notation
is a little different from the standard Lie theory notation, but is not ambiguous.
2.4. The sub-Riemannian distance. We fix a scalar product 〈·, ·〉 on g−1, and
we define a left-invariant Riemannian metric on the horizontal distribution by the
formula
〈V,W 〉p = 〈(Lp−1)∗(V ), (Lp−1)∗(W )〉(2.1)
for all V,W ∈ Hp. This gives rise to a left-invariant sub-Riemannian or Carnot–
Carathe´odory distance function ̺ on G. To define this, we first say that a smooth
curve γ is horizontal if γ˙(t) ∈ Hγ(t) for every t. Then we define the distance ̺(p, q)
between points p and q by
̺(p, q) := inf
∫ 1
0
(
〈γ˙(t), γ˙(t)〉γ(t)
)1/2
dt,
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where the infimum is taken over all horizontal curves γ : [0, 1] → G such that
γ(0) = p and γ(1) = q. The distance function is homogeneous, symmetric and
left-invariant, that is,
s−1 ̺(δsp, δsq) = ̺(p, q) = ̺(q, p) = ̺(rq, rp) ∀p, q, r ∈ G ∀s ∈ R
+;
in particular, ̺(p, q) = ̺(q−1p, e). The stratified group G, equipped with the
distance ̺, is known as a Carnot group; we usually omit mention of ̺.
2.5. Quasiconformal automorphisms and maps. We write S(V ) for the unit
sphere in a normed vector space V .
Suppose that λ ≥ 1. We say that T ∈ Autδ(g) is λ-quasiconformal if and only if
max {‖TX‖ : X ∈ S(g−1)} ≤ λmin {‖TX‖ : X ∈ S(g−1)} .
Of course, every automorphism is λ-quasiconformal for sufficiently large λ.
Suppose that s ∈ R+. In a Carnot group, the distortion H(f, p, s) of a map
f : Ω→ G at a point p ∈ Ω at scale s ∈ R+ is defined by
H(f, p, s) =
sup {̺(f(x), f(p)) : x ∈ G, ̺(x, p) = s}
inf {̺(f(x), f(p)) : x ∈ G, ̺(x, p) = s}
.
(In a general space with a distance, inequalities ̺(x, p) ≤ s and ̺(x, p) ≥ s may
be needed.) The map f is λ-quasiconformal if
lim sup
s→0+
H(f, p, s) ≤ λ, ∀p ∈ Ω.
We say that f is quasiconformal if it is λ-quasiconformal for some λ ∈ R+.
If the map f is at least C1 smooth, then it is λ-quasiconformal if and only if its
Pansu differential dfp is λ-quasiconformal at all p ∈ Ω. A smooth 1-quasiconformal
map is called conformal.
3. Theorems on products of groups
We say that a mapping on G is affine if it is the composition of a left translation
with an element in Autδ(G).
Theorem 3.1. Suppose that G is a direct product of totally nonabelian Carnot
groups:
G = G1 × · · · ×Gm,
where m > 1, and that f : G → G is a C1 (global) quasiconformal map. Then
f is the composition of a group automorphism that permutes the groups Gj and a
product bi-Lipschitz map.
Proof. The Pansu differential of a C1 global quasiconformal mapping f is continu-
ous, and hence its Perm(g) component is constant. This is an automorphism of g
and by conjugation with the exponential may be considered as an automorphism
of G, and is therefore quasiconformal. Using [6, Corollary 3.4], by composing
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with the inverse of this automorphism if necessary, we may assume that the Pansu
differential dfp of f is a product automorphism.
If we take a horizontal curve γ in one of the factors Gj , then f ◦ γ is again a
horizontal curve, whose Pansu derivative is df ◦ γ˙, and so f ◦ γ moves in the factor
Gj and is fixed in the other factors. Since the groups Gj ’s mutually commute, it
follows immediately that f is a product map : we may find maps f j : Gj → Gj
such that
f(p1, . . . , pm) = (f 1(p1), . . . , fm(pm)), ∀(p1, . . . , pm) ∈ G1 × · · · ×Gm.
The Pansu differential dfp is also a product map:
df(p1,...,pm) = (df
1
p1, . . . , df
m
pm), ∀(p
1, . . . , pm) ∈ G1 × · · · ×Gm.
If f is λ-quasiconformal, it follows immediately that when j 6= k,
max
{∥∥df j
pj
(X)
∥∥ : X ∈ S(gj
−1)
}
≤ λmin
{∥∥dfkpk(X)∥∥ : X ∈ S(gk−1)} , ∀p ∈ G
(here p = (p1, . . . , pm)). Define
ck = inf
{∥∥dfkpk(X)∥∥ : X ∈ S(gk−1), pk ∈ Gk}
for all k, and now fix k such that ck = min{cj : j ∈ {1, . . . , m}}. Then, when
j 6= k,
sup
{∥∥df jpj(X)∥∥ : X ∈ S(gj−1), pj ∈ Gj} ≤ λck.
Fix j different to k. Since
sup
{∥∥dfkpk(X)∥∥ : X ∈ S(gk−1), pk ∈ Gk} ≤ λ inf {‖df jpj(X)‖ : X ∈ S(gj−1), pj ∈ Gj},
it follows that
sup{
∥∥dfkpk(X)∥∥ : X ∈ S(gk−1), pk ∈ Gk} ≤ λ2ck.
Since f is not constant, ck 6= 0, and now each map f
j is bi-Lipschitz, and, by
considering horizontal curves, we see that
ck ̺(p, q) ≤ ̺(f(p), f(q)) ≤ λ
2ck ̺(p, q), ∀p, q ∈ G,
as required. 
Corollary 3.2. Suppose that G is a direct product of totally nonabelian Carnot
groups:
G = G1 × · · · ×Gm
where m > 1, and that f : U → G is a 1-quasiconformal map from an open and
connected subset U of G onto its image. Then f is the composition of a group
automorphism that permutes the groups Gj and a product affine map.
Proof. By [4], f is smooth. By [7, Theorem 4.1], f is an affine map. In particular,
f extends analytically to a conformal map on all of G. By Theorem 3.1, it follows
that f is a product map. 
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Remark 3.3. We recall that if G is the Heisenberg group Hn, then conformal maps
on a domain of Hn are restrictions of the action of an element of SU(1, n + 1)
[12]. However, we observe that if G is the product of ℓ Heisenberg groups Hnl
with ℓ ≥ 2, then not all elements in SU(1, n1 + 1) × · · · × SU(1, nℓ + 1) induce
conformal maps on a domain of G. Indeed, from the previous corollary it follows
that conformal maps are affine in this case.
4. CR stratified groups and Carnot groups
4.1. CR stratified groups. Let G be a stratified group of dimension n such that
dim g−1 = 2ℓ and let k be the integer such that 2ℓ + k = n. An almost complex
structure on g−1 is a linear isomorphism J : g−1 → g−1 with J
2 = −I such that
(4.1) [X, Y ] = [JX, JY ] and [X, JY ] = −[JX, Y ], ∀X, Y ∈ g−1.
The stratified group G provided with such a J is called a CR stratified group of type
(ℓ, k). Let L = span{X− iJX : X ∈ g−1}. One can see that (4.1) is equivalent to
L being abelian in g⊗ C. We say that T ∈ Autδ(g) is a CR automorphism (resp.
anti-CR automorphism) if
T |g−1J = JT |g−1, (resp. T |g−1J = −JT |g−1)
or, equivalently, if TC(L) ⊆ L (resp. TC(L) ⊆ L), where TC denotes the linear
extension to the complexification g⊗C. Notice that the inverse of a CR automor-
phism is also a CR automorphism. A diffeomorphism f : Ω1 → Ω2 between open
and connected subsets of G is a CR mapping (resp. a anti-CR mapping) if and
only if its Pansu differential dfp is a CR automorphism (resp. an anti-CR automor-
phism) for every p ∈ Ω1. In this section we will study the structure and the CR
diffeomorphisms of CR stratified groups. In particular, we will show, for a class
of these groups, that the space of conformal maps with respect to a compatible
metric coincides with the space of CR maps. Last but not least, we will show some
explicit embeddings of CR stratified groups into Cℓ+k via a CR diffeomorphism.
4.2. CR Carnot groups. We say that a stratified group is tight if
g−1 = span{X1, . . . , Xℓ, Y1, . . . , Yℓ},
and
(4.2) [Xi, Xj] = [Yi, Yj] = 0, and [Xi, Yj] = δijU, ∀i, j = 1 . . . , ℓ.
Then it is straightforward to check that
L := span{Xk − iYk : k = 1, . . . , ℓ}
satisfies [L, L] = {0}. So tight stratified groups are CR with respect to the almost
complex structure defined by JXi = Yi for every i = 1, . . . , ℓ and J
2 = −Id.
Lemma 4.1. Let G be a tight CR stratified group. If ℓ > 1, then U is central, i.e.,
[Xi, U ] = [Yi, U ] = 0 for every i = 1, . . . , ℓ.
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Proof. Suppose that [Xi, U ] 6= 0 for some i. With no loss of generality, set i = 1.
Then [X1, [X2, Y2]] 6= 0. By Jacobi identity and (4.2),
[X1, [X2, Y2]] = [[X1, X2], Y2] + [X2, [X1, Y2]] = 0,
which gives a contradiction. We argue in a similar way to show that [Yi, U ] = 0. 
Corollary 4.2. Let G be a tight CR stratified group with dim(g−1) = ℓ > 1. Then
only one of the following holds:
(i) g−1 = span{X1, Y1}, in which case we may have g−3 6= {0},
(ii) g−1 = span{X1, . . . , Xℓ, Y1, . . . , Yℓ} for some ℓ > 1, g−2 = span{U} and
g−3 = {0}. In this case g is the Heisenberg algebra.
WhenG is tight, we consider the element U∗ ∈ g∗ dual to U and the left-invariant
one-form θ such that θe = U
∗. Then the bilinear form
Bθ(X, Y ) = dθ(X, JY )
is a scalar product on g−1 that makes X1, . . . , Xℓ, Y1, . . . , Yℓ orthonormal. More-
over,
Bθ(JX, JY ) = Bθ(X, Y ), ∀X, Y ∈ g−1.
We define a Carnot group structure on G using the left-invariant metric that
coincides with Bθ at the identity.
Theorem 4.3. Let G be a tight stratified group with the Carnot distance endowed
by Bθ. Let f : Ω → G be a homeomorphism from an open and connected set
Ω ⊂ G. Then f is 1-quasiconformal if and only if f is a CR or anti-CR mapping.
Proof. We say that T ∈ Autδ(g) is conformal if
(4.3) ‖T (X)‖ = λ‖X‖, ∀X ∈ g−1
or, equivalently, if T tT = λI. for some λ ∈ R+. Here T
t denotes the transpose
with respect to B. It is well known that f is 1-quasiconformal if and only if dfp is
conformal for every p ∈ Ω [4]. Therefore, it is enough to show that every conformal
automorphism is a CR or anti-CR automorphism, and vice versa.
Since G is tight, either dim g−1 = 2 or G is the Heisenberg group of dimension
2ℓ+1. If T ∈ Autδ(g), it is straightforward to show that in both cases the condition
T |tg−1 T |g−1 = λI is equivalent to T |g−1J = JT |g−1 or T |g−1J = −JT |g−1 . 
The content of the theorem above holds true for every left-invariant metric that
is compatible with the CR structure. Indeed, let B˜ be any scalar product on g−1
with the property that
B˜(JX, JY ) = B˜(X, Y ), ∀X, Y ∈ g−1.
Then there is A ∈ GL(2ℓ,R) such that B˜(X, Y ) = Bθ(AX,AY ). The compatibil-
ity condition gives that Bθ(JAX, JAY ) = Bθ(AJX,AJY ), which in turn implies
AJ = JA of AJ = −JA. Therefore A induces a CR or anti-automorphism of g,
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and so by Theorem 4.3 the left-invariant metrics w.r.t. Bθ and B˜ are conformally
equivalent.
In the following example, we consider the stratified group with growth vector
(2, 3, 5) (see [1, 18],) and embed in C4.
Example 4.4. Let
g = span{X1, X2, Y1, Y2, Y3},
with nonzero brackets
[X1, X2] = Y1, [X1, Y1] = Y2, [X2, Y1] = Y3.
It is clear that g is stratified and g−1 = span{X1, X2}. Let G be the connected and
simply connected Lie group with Lie algebra g. The group G is CR if we choose
the linear map J on g−1 such that J
2 = −I and
J(X1) = X2.
Now we establish the CR-embedding surface of G in C4. In exponential coordi-
nates (x1, x2, y1, y2, y3) on G, the left-invariant vector fields are
X1 = ∂x1 −
1
2
x2∂y1 −
(
1
2
y1 +
1
12
x1x2
)
∂y2 −
1
12
x22∂y3 ,
X2 = ∂x2 +
1
2
x1∂y1 +
1
12
x21∂y2 −
(
1
2
y1 −
1
12
x1x2
)
∂y3 ,
Y1 = ∂y1 +
1
2
x1∂y2 +
1
2
x2∂y3 ,
Y2 = ∂y2 , Y3 = ∂y3 .
Let Z = 1
2
(X1 − iX2), z = x1 + ix2, Then
Z = ∂z −
1
4
iz∂y1 +
(
−
1
4
y1 −
1
48
i|z|2 −
1
48
iz2
)
∂y2 +
(
1
4
iy1 −
1
48
|z|2 +
1
48
z2
)
∂y3 .
Consider the surface S in C4.
S = {(z˜, w1, w2, w3) ∈ C
4 : ρ1 = 0, ρ2 = 0, ρ3 = 0},
where
ρ1(z˜, w1, w2, w3) = Imw1 +
1
4
|z˜|2,
ρ2(z˜, w1, w2, w3) = 2Imw2 −
4
3
Rew3 +
1
3
(Rew1)(Imz˜) +
1
18
Re(z˜2z˜),
ρ3(z˜, w1, w2, w3) = 3Imw3 + 2Rew2 −
1
2
(Rew1)(Rez˜) +
1
12
Im(z˜2z˜).
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Then the subbundle L of TS generated by
ZS = ∂z˜ −
1
2
i¯˜z∂w1 −
(
1
4
(w1 + w1) +
1
24
i|z˜|2 +
1
24
iz˜
2
)
∂w2
+
(
1
4
i(w1 + w1)−
1
24
|z˜|2 +
1
24
z˜
2
)
∂w3 .
defines a CR structure on S. In fact, [L, L] = 0 and ZSρk = 0 for k = 1, 2, 3.
Let now w1, w2, w3 ∈ C such that Rew1 = y1, Rew2 = y2 and Rew3 = y3. Then
the mapping f : G →֒ C4 defined by (x1, x2, y1, y2, y3) → (z, w1, w2, w3) is a CR
diffeomorphism from G onto S, since f∗Z = Z
S.
If the stratified group G is not tight, we don’t have a canonical choice of a
compatible Carnot structure. To what extent we can generalise our study of the
interplay between conformal and CR-structures in more general hypotheses will
be the subject of another paper.
4.3. CR-mappings on product groups.
Theorem 4.5. Suppose that G is a direct product of totally nonabelian tight Carnot
groups:
G = G1 × · · · ×Gm
where m > 1, and that f : G→ G is a CR-mapping. Then f is the composition of
a group automorphism that permutes the groups Gj and a product CR-mapping.
Proof. By Theorem 4.3, for tight Carnot groups CR and anti-CR diffeomorphisms
are the same of conformal mappings. The conclusion now follows from Corol-
lary 3.2. 
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